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Abstract
We achieved for the first time a direct measurement of the thermal fluctuation of a pendulum
in an off-resonant region using a laser interferometric gravitational wave detector. These measure-
ments have been well identified for over one decade by an agreement with a theoretical prediction,
which was derived by a fluctuation-dissipation theorem. Thermal fluctuation is dominated by the
contribution of resistances in coil-magnet actuator circuits. When we tuned these resistances, the
noise spectrum also changed according to a theoretical prediction. The measured thermal noise
level corresponds to a high quality factor on the order of 105 of the pendulum.
PACS numbers: 05.40.Ca, 04.80.Nn, 07.60.Ly
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Introduction.— Mechanical thermal fluctuation has been studied in fields that require
ultra-precise measurements, because it gives the fundamental limits of the sensitivity, even
in an off-resonant region. A rigid cavity for laser frequency stabilization is limited by the
thermal noise [1] ; also, a laser interferometric gravitational wave (GW) detector [2] is one
of the most representative type of apparatus. GW detectors consist of mirrors suspended
by pendulums to bring them close to a state of free mass. The thermally excited mechanical
vibrations of the mirrors themselves and suspensions are kinds of fundamental limits of GW
detectors.
Direct observations of the mirror thermal fluctuation have been performed by Numata [3]
or Black [4]. They identified the thermal fluctuation using the fluctuation-dissipation the-
orem (FDT) [5, 6], which could evaluate the fluctuation from the dissipation in thermal
equilibrium. These experiments could not observe the thermal fluctuation of the pendulum
because the seismic noise and the mirror thermal fluctuation had large amplitudes in their
experiments. The seismic noise was larger than the pendulum thermal fluctuation below 100
Hz. The mirror thermal fluctuation was also larger than the pendulum thermal fluctuation
above 10 Hz, because they set up a small spot size (radii of 49 µm and 85 µm of Numata [3]
or 160 µm of Black [4] on mirrors) so as to increase the mirror thermal fluctuation. Nobody
has ever identified the thermal fluctuation of a pendulum in an off-resonant regime.
Our experiment could achieve measurements of the pendulum thermal fluctuation in
both off-resonant and in a wide-band region of over one decade, which is close to the most
expected band of GW detection (around 100 Hz). The seismic noise could be reduced by a
quiet environment at 1000 m underground site. The mirror thermal noise was also reduced
owing to a large spot size (radii of 4.9 mm and 8.5 mm, where the electric field fell off
to 1/e) of a laser on a mirror surface. The quality factors of our pendulums using 1.8 kg
mirrors were about on order of 105, which were no less high than that of the current km-scale
interferometer pendulums [7, 8]. As a manner of identification of the thermal fluctuation of
the pendulum, we made use of coil-magnet actuators, which had some merits. One was the
dissipation that were occurred in coil-circuits, was easy to control and to analyze. Another
was that all of the parameters were measurable. The other was that they did not cause
any modification of the interferometer components with changes of the dissipation in the
coil-circuits. These merits allowed a high reliability to our experiment.
This Letter describes direct measurements of the thermal fluctuation of the pendulum,
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and compares it with predicted estimates from the FDT over a wide band from 20 Hz to
400 Hz. We observed shifts in the noise floors of the interferometer when we controlled
the dissipation of a pendulum by exchanging the resistances of the coil-magnet actuators.
The measured spectra and their shift agreed with a theoretical prediction. This experiment
was the first to identify the thermal fluctuation of a pendulum in the off-resonant frequency
regime.
Theoretical background.— Pendulum thermal fluctuation is caused by several kinds of
dissipations in the whole pendulum. There have been experiments and studies so far for
each type of dissipation: an internal loss in the materials of suspension wires [9, 10], clamps of
wires [11], residual air [12], and the bobbins or holders of coils [13, 14]. Thermal fluctuation
caused by coil-magnet actuators differs from other dissipations from the viewpoint of easy
tuning and the well-known frequency dependence.
In the current interferometric GW detectors that have a Fabry-Perot (FP) cavity in their
Michelson arms, coil-magnet actuators are equipped to keep the FP cavity on resonance by
controlling the mirror positions. One actuator consists of a pair of a magnet glued onto a
mirror, and a coil-circuit connected to a coil-driver circuit. The dissipation in the coil-circuits
of the actuators produces the pendulum thermal fluctuation because a pendulum is unified
with coil-circuits, and is in thermal equilibrium with them due to coil-magnet coupling. An
oscillation of the pendulum causes eddy currents by electromagnetic induction in the coil-
circuits. These currents generate Joule heat in the resistances of the circuits. The pendulum
thermal fluctuation can be calculated by applying the FDT to the dissipation from this Joule
heat. The other evaluation method is to calculate the pendulum fluctuation caused by the
thermal current of the resistance [15] via coil-magnet coupling. These two estimates are
consistent as long as the thermal equilibrium between the coil-circuits and the pendulum is
maintained.
As a model of the pendulum, we assume a suspended mirror (test mass of m) and ac-
tuators constructed with a pair of coil-magnets of N . When a current I flows inside of the
coil-circuits, a force of F = IαN is applied to the mirror, where α is the coupling factor
per one coil-magnet actuator. That motion equation of the mirror in a frequency domain is
written as
m(−ω2 + ω2
0
)x˜+ i
Nα2ω
Z
x˜ = 0. (1)
Here, ω0 = 2pif0, where f0 is the resonant frequency of the pendulum, x˜ is the displacement of
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FIG. 1: (color online). Schematic view of CLIO and its control system; CLIO is a so-called locked
Fabry-Perot interferometer, which has 100 m Fabry-Perot cavities as Michelson arms and a mode
cleaner. The optics, like the lenses, the Faraday-isolators, and some wave plates are omitted in this
figure. Abbreviated words mean: EOM, electro-optic modulator; HWP, half wave plate; QWP,
quarter wave plate; MMT, mode matching telescope; and PBS, polarized beam splitter.
the mirror and Z is the impedance of the coil-circuit, which is the sum of the coil’s impedance
itself, and the connected driver output impedance. It is assumed that the magnitude of the
impedance in the coil-circuit is dominated by its resistance, R; it can then be regarded as
Z = R. From the imaginary part of Eq.(1), the quality factor is defined as
Q =
mω0R
Nα2
. (2)
The fluctuation is characterized by the loss angle, φ = ω/(ω0Q), which indicates viscous
damping caused by an eddy current in the coil-circuits. By using the FDT, the fluctuation
of a harmonic oscillator i.e. a pendulum in a higher off-resonant region, is approximately
expressed as
G =
4kBTNα
2
m2ω4R
. (3)
√
G is a one-sided power spectrum density, kB is the Boltzmann constant, and T is the
temperature of the suspension and the coil-circuits.
Experimental setup.— A GW detector, called CLIO (Cryogenic Laser Interferometer
Observatory) [16], was employed as a mirror displacement sensor. CLIO is a prototype for
the next Japanese GW telescope project, LCGT (Large scale Cryogenic Gravitational-wave
Telescope) [17], featuring the use of cryogenic mirrors and a quiet underground site. The
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main purpose of CLIO is to demonstrate a reduction of the mirror thermal noise by cooling
sapphire mirrors. In this Letter, however, CLIO is described as being operated at room
temperature. CLIO is located in the Kamioka mine, which is 220 km away from Tokyo,
Japan, and lies 1000 m underground from the top of a mountain. This site is suitable for
precise measurements of the displacement at below the 100 Hz region, because the seismic
noise is smaller than that in an urban area by about 2 orders [18]. Through the progress of
noise hunting in CLIO, the background (BG) noise has reached about 1× 10−18m/√Hz at
100 Hz. This sensitivity is close to the design sensitivity of 5× 10−19m/√Hz.
Figure 1 shows a schematic view of CLIO. A laser beam, which has a power of 2 W and
a 1064 nm wavelength (Innolight Inc. Mephisto), is used as a light source. It is shaped into
TEM00 through a mode cleaner (MC) cavity with a length of 9.5 m, and then enters two 100
m length FP cavities after being divided by a beam splitter. These cavities are arranged in
an L-shape. The cavities are kept on resonance (we call this state locked) by servo systems,
which readout displacement signals of the mirrors using the Pound-Drever-Hall method [19].
The modulation frequencies are 15.8 MHz for the arm cavities and 11.97 MHz for the mode
cleaner. A multistage control system [20] is applied for a laser frequency stabilization, which
has two cascaded loops of the MC and an inline arm cavity. The inline arm is locked by
controlling the frequency of the laser and the perpendicular arm is locked by controlling
the position of the front mirror by using coil-magnet actuators. From a feedback signal
to the coil-magnet actuators, a differential displacement between two arm cavities, which
corresponds to a GW signal, can be obtained.
The four mirrors of the two arm cavities are individually suspended by 6-stage pendulums,
which include 4-stage blade springs and 2-stage wire suspensions for isolation from any
seismic vibration. The mirrors are made of sapphire, whose weight is 1.8 kg, suspended by
bolfur wires at the last stage. The last stage pendulum has a resonant frequency of about
0.8 Hz. Coil-magnet actuators are set for two mirrors in a perpendicular cavity. In order to
observe the thermal fluctuation of the pendulum, we injected sufficient thermal noise to the
end mirror (see Fig. 1), so that its fluctuation could dominate, by controlling the dissipation
at the coil-circuits. On the other hand, the actuator of the front mirror is used to keep the
cavity locked.
The coil-magnet actuator at the end mirror consists of two Nd-Fe-B magnets, which are
glued onto the mirror and of two copper coils approached to magnets in the horizontal
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FIG. 2: (color online). Schematic view of our experiment. The pendulum is composed of a
sapphire mirror suspended by bolfur wires. Two coil-magnet actuators are set. The fluctuation of
the pendulum is measured using a laser interferometer (CLIO). The resistances of the coil-circuits
are changed by switching a relay-circuit to “Short”, “2ohm”, and “Open”. Therefore, we can
control the injected thermal noise using this relay-circuit.
direction (see Fig. 2). The Nd-Fe-B magnets have a cylindrical shape. This diameter is 2
mm and the length is 10 mm. A copper wire of 0.5 mm diameter is used for solenoidal
coils, and is wound by 15 turns times 6 layers around a ceramic bobbins, whose diameter is
16.5 mm. In order to verify our measurement of the thermal fluctuation, the resistance R
of Eq.(3) is changed as a variable parameter. R is the sum of the coil’s impedance and a
connected circuit impedance. Although a coil-driver circuit is usually used as the connected
circuit, a relay-circuit including resistances is used to change R in this case. The relay-circuit
is switched to three kinds of resistances, which are called “Short”, “2ohm”, and “Open”.
The sum of the resistances of the coil-circuits and a relay-circuit were measured as 0.72 Ω in
“Short”, and 2.77 Ω in “2ohm”. “Open” means that the end of the relay-circuit is opened,
and then R becomes infinity. A small R causes a large thermal fluctuation for the pendulum
from Eq.(3).
It is necessary to know the quantities in Eq.(3) to estimate the thermal fluctuation. In
our experiment, N is 2, m 1.8 kg, f0 0.8 Hz and T 3.0 × 102 K. The coupling factor, α,
is an actuator force applied for the mirror per driver output current. That is yielded from
measured actuator efficiency, a resistance of volt-current conversion in the coil-driver, and
the weight of a test mass. The actuator efficiency is a transfer function from the driver
input voltage to the mirror displacement. The coil-magnet actuator efficiency at the front
mirror is measured using a Michelson interferometer constructed with front mirrors and the
BS. The driver output current is obtained by a resistance of volt-current conversion, Rc
(Rc = 50 Ω in CLIO). Using a measured actuator efficiency at 100 Hz as A100 [21], the
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FIG. 3: (color). Measured spectra of the pendulum thermal fluctuation and their theoretically
expected lines. The solid lines of red, green and blue denote the conditions of the “Short”, “2ohm”,
and “Open”, respectively. The spectrum at “Open” corresponds to the background (BG) noise of
the interferometer. The doted lines indicate the sum of the theoretical calculation of the thermal
fluctuation and the BG model. The sensitivity is limited by the shot noise above 400 Hz, and by
the seismic noise below 20 Hz. The mirror thermal noise and the suspension thermal noise (from
material dissipation) were calculated to be under the BG noise.
coupling factor per one coil-magnet actuator is α = A100Rcm(2pi × 100)2/N . The efficiency
of the end mirror actuator is measured by a calibrated actuator of the front mirror. Only
during this calibration, the relay-circuit is exchanged to a driver-circuit. The value of α at
the end mirror is 6.9× 10−3 N/A.
In this experiment, other dissipations of pendulums are adequately suppressed below
the additional dissipation of the coil-circuits, so that the thermal fluctuation from the coil-
magnet actuators at the end mirror can be observed at around 100 Hz. Coil bobbins are made
of a macor (ceramic) which has an electrical conductivity of 10−13 Ωm. The pendulum is
housed in a vacuum chamber, whose vacuum level is 10−3 Pa, so as to reduce any dissipation
from residual air. The suspension thermal noise from a wire material was calculated to be
below the level of the BG noise. The thermal noise from the coil-magnet actuator at the
front mirror is under the BG noise, because the output impedance of the coil-driver is 104
Ω at 100 Hz and α is about ten-times smaller than that of the end mirror.
Results and discussion.— Figure 3 shows measured spectra of the mirror displacements
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FIG. 4: (color online). Comparison of the pendulum thermal fluctuation with a theoretical
calculation by removing the BG noise; The orange line shows the thermal fluctuation difference of
the “Short” from the “2ohm”. The dash line shows the theoretical calculation corresponding to
this difference.
when we changed the resistances of coil-circuits, and also shows other noises of the detector.
The noise levels from 20 Hz to 400 Hz are shifted by switching the dissipation. The measured
values agree with the sums of theoretical estimates from Eq.(3) and the BG model. When
the “Open” was chosen, a BG noise of about 1 × 10−18m/√Hz at 100 Hz was measured,
since the injection thermal noise was lower than the BG level, owing to a large amount of
resistance, R. For simplicity of calculations, the BG noise was modeled as 0.9×10−18m/√Hz
at 100 Hz with a slope of f−2. In the case of “Short”, for instance, the noise level at 100 Hz
was predicted to have a value of 2.3 × 10−18m/√Hz, which includes a pendulum thermal
fluctuation of 2.1× 10−18m/√Hz and a value of the BG model. In “2ohm”, the total value
of 1.4 × 10−18m/√Hz at 100 Hz included a thermal fluctuation of 1.1 × 10−18m/√Hz and
the BG model. We also estimated Q of the pendulum, which corresponded to these thermal
noises from Eq.(2). The calculated Q is 6.7× 104 in “Short” and 2.6× 105 in “2ohm”. A Q
of 105 is as large as that of the pendulums in km-scale interferometers [7, 8].
For a more precise and wide-band comparison between the measured spectra and theo-
retical calculations, we show Fig. 4, which is the difference between “Short” and “2ohm”
taken as Sd = (| S 2Short − S 22ohm |)1/2; here, SShort, S2ohm indicate the spectra of “Short”,
“2ohm” in Fig. 3, respectively. Sd, where the BG noise of two noise floors are canceled, is
useful for comparing with the theoretical calculation of the thermal fluctuation. The result
indicates a good agreement between the measurement and a calculation from 20 Hz to 400
8
Hz. Especially, the agreement is better at a region from 60 Hz to 300 Hz. The peak structure
around 50 Hz comes from the resonant motion of a coil holder at the end mirror excited by
the seismic motion. The noisy structure around 30Hz comes from the BG noise.
Summary.— We identified for the first time the thermal fluctuation of a pendulum in an
off-resonant regime and a wide-band range around the GW-band. This result was confirmed
by a comparison between the measured thermal noises and a calculation from the FDT
under tuning the resistance of coil-magnet actuators, which are the main sources of thermal
noise. The noise level indicates that the pendulums of CLIO have a high quality factor on
the order of 105. This experimental result is significant for fundamental physics and fields
of a super-precise measurement, like GW detectors.
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